The methods of a previous paper are used to discuss the effect of a magnetic field on the thermoelectric power of a metal containing two overlapping energy bands of normal form. Exact solutions of the transport equation are obtained for the three limiting cases of high temperatures, low temperatures and very strong magnetic fields, and it is shown that the formulae can be generalized to give approximate expressions for all temperatures and all fields. The magnetic change of the thermoelectric power is found to be small at very low and high temperatures, and to pass through a maximum at intermediate temperatures.
1*1. The present paper is a sequel to a previous one (Sondheimer & Wilson 1947 ; subsequently referred to as I*), and continues the investigation by the methods of the modem theory of metals of the various effects which occur when a metallic conductor carrying an electrical or thermal current is placed in a magnetic field. The so-called galvanomagnetic effects arise when the primary current is electrical, and the thermomagnetic effects when it is thermal. The effects can also be sub divided into 'transverse effects in a transverse magnetic field', where the primary current and the electric field or temperature gradient of interest are a t right angles to each other and to the magnetic field, ' longitudinal effects in a transverse magnetic field ' where they are parallel to each other but a t right angles to the magnetic field, and 'longitudinal effects in a longitudinal magnetic field' where they are parallel to each other and to the magnetic field. The second and third groups of phenomena include the magneto-resistance effects which have been discussed in I and the influence of a magnetic field on the thermoelectric power which will be considered in the present paper. The most important examples in the first group, also to be discussed below, are the four effects which are often referred to simply as the ' transverse galvano-and thermomagnetic effects '. These effects are usually described by certain coefficients which may be defined by considering a metal strip with its surface in the ary-plane, carrying an electric current Jx or a thermal current wx in the ^-direction and subjected to a magnetic field H in the 2-direction. The following cases are then of practical importance:
If Jx #= 0 but the transverse current Jy = 0, there exists a transverse electric field Sy. The ratio $y\HJx is known as the Hall coefficient A H. If <4 + 0 and wy = 0, there exists a transverse temperature gradient 9 Tjdy, and the ratio ( -9T/9y)/H/x is known as the Ettingshausen coefficient A E.
If dT/dx^O and Jy = 0, then <^4=0 and the ratio Syl{ -H'bTjdx) is known as the Ettingshausen-Nernst coefficient B EN. The experimental values are also some times expressed in terms of the ratio &y\Kwx, which is denoted by A EN. Clearly A en = B e n /k , where k is the thermal conductivity.
If dT/dx4= 0 and wy = 0, then dT/dy 4= 0 and the ratio ( is known as the Righi-Leduc coefficient BRL. An alternative coefficient is defined by
In many cases the thermal conditions in the y-direction are not specified, and it is then necessary to distinguish between 'adiabatic' conditions where 0 and 'isothermal' conditions where dT/dy = 0. The consequences of this distinction are discussed in more detail in § 2.
The calculations can be completed and the results compared with experiment only if the metal is represented by a sufficiently simple model. In the simplest possible case the electrons are assumed to be quasi-free, the energy being propor tional to the square of the wave-vector. The results for this model have so far only been worked out for the case of high temperatures (Sommerfeld& Frank 1931; Kohler 1941 a) , where it gives the correct order of magnitude (disregarding the sign) of the four transverse effects in the limit of vanishingly small magnetic field. In the present paper the theory is extended to cover the case of arbitrary temperature. The free electron model, however, fails entirely to account for the magneto-resistance effects, which are zero for a model in which the surfaces of constant energy form a single family of spheres (Peierls 1931) . I t has proved impossible so far to carry out the calculations even part of the way with a model which shows all the peculiarities th at the energy surfaces are likely to have in real metals. I t is therefore necessary to discuss a model which is more general than the free electron model and which gives a non-zero result for the magneto-resistance effects, but which is sufficiently tractable for the calculations to be completed. The only model so far proposed which fulfils these requirements postulates the existence of two overlapping energy bands an s-band containing some conduction electrons and a d-band containing some unoccupied levels; in each band the energy is assumed to be proportional to the square of the wave-vector. In I it has been shown th a t this model gives a satisfactory account of the magneto-resistance effects which occur in a transverse field, over the whole range of temperatures and magnetic fields. In the present paper the same model is used to discuss the effect of a magnetic field on the thermoelectric power, particularly at low temperatures where the effect is most pronounced but where the theory is more difficult owing to the non-existence of a time of relaxation. It is not necessary to consider the remaining thermoelectric effects, since they can all be expressed in terms of the thermoelectric power (see, for example, Wilson 1936 , § §5*41 to 5*43). Also, as in I, the case of a longitudinal magnetic field has to be excluded, since the two-band model is not sufficiently general to give a non-zero result for this case.
The two-band model is further used to obtain formulae for the transverse effects in the limit of zero magnetic field. At best, the free electron model can only be expected to apply to the alkali metals, and it is therefore again necessary to in vestigate more complicated models, so as to determine whether the theoretical results obtained for free electrons can be expected to apply to metals in general, and, if they do not apply, to suggest at least qualitatively how they can be general ized. Finally, the two-band model is used to derive formulae for the field dependence of the transverse effects. As in the case of the electrical and thermal conductivities, the influence of a magnetic field on the coefficients of the transverse effects is deter mined by the departure of the energy surfaces from spherical symmetry, and the two-band model is therefore the simplest which can be expected to give even qualitatively correct results. 1*2. The metals to which the two-band model can be directly applied and in which the s-and d-bands have immediately obvious physical meanings consist of the transition elements (excluding the ferromagnetic metals when transport effects are being considered). I t was, however, pointed out in I, p. 448 th at the model could be applied to other metals provided th at the parameters were suitably defined. An expanded form of the argument in which the assumptions are more explicitly stated is as follows.
The energy surfaces in k-space (k being the electron wave-vector) have a very complicated structure even for the simplest of metals such as the alkalis (see, for example, Sommerfeld & Bethe 1933, p. 400, figure 23 ). I t is, however, possible to give a formal theory of all the transport phenomena provided th at the assumption is made that a time of relaxation exists (e.g. Wilson 1936, chapter v) . The various physical quantities can then be expressed in terms of the time of relaxation r, the energy E, the derivatives of E with respect to k, and in some cases the derivative of r with respect to k. Unfortunately, a time of relaxation does not exist for a general model, and the only cases in which the formal theory applies is when is a function of | k | only, and even then only a t high temperatures. To make any further progress it is necessary to make simplifying assumptions, which are usually indicated by the structure of the expressions which occur in the formal theory. If one wishes to carry out the calculations completely (and this is essential if one wishes to discuss low temperature phenomena at all), it is necessary to choose the simplest possible model which contains the features which are shown to be essential in the formal theory. For example, in the formal theory the electrical conductivity only depends upon r and the first derivatives of E; and in fact only the squares of the latter occur. I t is therefore unnecessary, if one restricts oneself to order of magnitude calculations, to consider a model in which the first derivatives change sign. This is the justification for the very wide use of the free electron model for discussing the electrical conduc tivity of metals whether monovalent or not. In some ways it is better to use the two-band model for divalent metals since the meaning of the parameters becomes clearer, and it is possible to see whether, for example, the average effective mass of the electrons is the arithmetic or harmonic mean of the effective masses of the in dividual electrons. If, however, the parameters in the more general models cannot be distinguished by experiment from those for simpler models, it is best to choose the simplest model th at gives a non-zero result.
In general, the magnetic effects involve the second derivatives of the energy linearly, and the simple free electron model is inadequate even for the alkalis. The real energy surfaces have a complicated structure and consist of portions having positive curvature and portions having negative curvature (but it must be remem bered th at only those energy levels near the highest occupied level play a part). The two-band model is the simplest model having this property, the 5-band having positive and the d-band having negative curvature. I t does not, however, have all the properties required. For example, in a real metal the relevant portions of the energy surface which have negative curvature may not form a continuous domain, nor will they necessarily possess a maximum energy level. But such factors as these do not affect the calculations a t all, though they have a strong bearing on the physical interpretation of the parameters. In a transition element the d-band has an obvious physical significance, and the number of vacancies in it can be defined as the number of electrons required to fill the uncompleted inner shell, so th at the two-band model is easy to interpret. In the case of a monovalent or divalent metal there is no inner shell to complete, but one can still consider the d-band of the twoband model to be a reasonable representation of those portions of the energy surfaces th at have negative curvature.* However, it is not possible to determine the number of vacancies to be ascribed to the d-band in the same kind of way as for the transition elements, and in the present state of the theory one can only treat it as a parameter of the same order of magnitude as the number of atoms. If one had to assume that it was of a very different order of magnitude, the physical interpretation would obviously be a t fault.
I t is possible to introduce further refinements into the two-band model to make it correspond more closely to reality. For example, one could introduce s-d transitions, corresponding to transitions in which the initial and final states lie in the regions of positive and negative curvature respectively. Such refinements, however, seem unnecessary in the present state of development where the experimental data are so inadequate.
To sum up, the two-band model assumes th at only derivatives of the energy up to the second are important. I t is then the most general model required for isotropic metals, and the calculations can be carried out for all temperatures. The model could be generalized to deal with anisotropic metals, but the calculations would then have to be restricted at best to high temperatures where a time of relaxation exists, since it has not so far been possible to extend the theory to anisotropic metals a t low temperatures. (It should be noted, however, th at no proof has yet been given th at a time of relaxation exists for anisotropic metals even at high temperatures.) The model breaks down (as do all models so far proposed) if derivatives of the energy of the third or higher orders are important, and in certain cases if the derivatives of r have to be taken into account. According to this criterion the model must fail for those galvanomagnetic and thermomagnetic effects which occur in a longitudinal magnetic field, but should be sufficient to deal with the order of magnitude of the effects which occur in a transverse field. If in the future it is found th at there is a substantial difference in the behaviour of transition and multivalent metals as regards the effects discussed here, the conclusion would be th at a much more elaborate theory of the magnetic effects is required than the one given here. But such evidence as exists does not suggest any such fundamental difference, and it is there fore reasonable to proceed on the basis of the simplest possible assumptions. I t is very desirable, however, th at some model should be investigated for which dr/dE behaves anomalously. 1*3. In §2 the formal expressions for the various effects are obtained according to the two-band model, and in § 3 expressions are given which, together with formulae already obtained in I, represent the complete solutions in the three limiting cases of very high and very low temperatures and very strong magnetic fields.
I t was shown in I that, although it is not possible to solve the transport equation in the general case, simple approximate 'interpolation formulae' can be set up for the magneto-resistance effects which reduce to the correct expressions in the three limiting cases for which the exact solutions are known. In § 4 the thermoelectric power is considered, and it is shown th a t it is again possible to generalize the exact solutions so that they can be used over the whole temperature range. To do this, simple interpolation formulae are set up for the thermoelectric power and the adiabatic Ettingshausen-Nernst coefficient of a metal containing a single band, corresponding to the known expressions for the electrical and thermal conductivities (Wilson 1937 ). These formulae make it possible to determine the generalized forms of all the quantities required for discussing the two-band model, satisfying the usual criterion of reducing to the exact expressions in the limiting cases of high tem peratures, low temperatures and strong magnetic fields. I t is thus possible to calculate general expressions of approximate validity for all the effects to be con sidered in the present paper.
The change of the thermoelectric power in a magnetic field a t various temperatures has been investigated experimentally by Griineisen & Erfling (1939) for beryllium. The effect is found to be small a t high and very low temperatures and to pass through a maximum value a t an intermediate temperature, the position of the maximum moving towards higher temperatures as the magnetic field is increased. I t is shown in § 4-21 th a t .the predictions of the two-band model are in general agreement with this behaviour.
The free electron model has been used by Sommerfeld & Frank (1931) and Kohler (1941 a) to discuss the transverse effects in the special case where it is legitimate to assume th a t a time of relaxation exists. The results for this case, which are only valid for high and extremely low temperatures, are summarized in § 5-1. The generalized formulae which are approximately valid over the whole temperature range are given in § 5*2. These formulae show that, for free electrons, is negative and independent of the temperature for all temperatures, B is nega value as the temperature decreases, while B EN and A E are positive a t high tem peratures, decrease as the temperature decreases, and a t very low temperatures they reverse in sign, pass through a minimum value and eventually tend to zero as T approaches zero. Similar results hold for a single d-band, except th a t A u and B rl are positive instead of negative.
In §5*3 the extent to which the two-band model modifies these results is in vestigated, and it is shown th at the theoretical predictions for free electrons cannot be expected to apply to real metals except in special cases. In particular, the two-band model allows A H to vary with the temperature, and B EN and A E need no longer become negative a t very low temperatures. Further, the simple relations among the coefficients which hold for free electrons are, in general, no longer valid for the twoband model, and are therefore not generally true. However, the two-band model fails to account for the negative values of B EN and A E which are observed in some metals a t high temperatures; the explanation of these anomalous signs would require a still more complicated model, with the property th a t the time of relaxation is a decreasing function of the wave number at the surface of the Fermi distribution.
In § 6 the two-band model is used to derive formulae for the field dependence of the transverse effects, and these are used to give a qualitative discussion of the behaviour of the coefficients in a magnetic field of arbitrary magnitude. The Hall coefficient has already been discussed by Jones (1936) in the case of high tem peratures, where a time of relaxation exists. I t is shown in § 6 th a t a formula of the same form can be used over the whole temperature range, and a similar formula is obtained for BRL. The behaviour of B EN and A E is, in general, complicated and only some simple special cases are discussed; in particular, the form of the coefficients in the limit of very strong magnetic fields is considered. 1*4. The experimental data on the transverse effects with which to compare the theory are discussed in § 7. They are both inadequate and confusing. Results reported by different workers differ by factors of up to 80 (compare Borelius 1935; Meissner 1935) ; it is very seldom th at the various effects have been measured on the same specimen and no attention seems to have been paid to choosing metals for which the theoretical* interpretation would be relatively easy. The inconsistency of the results available is shown in table 1 infra, where data are given for a quantity which should by thermodynamic arguments be unity but which differs very considerably from it. If we disregard ferromagnetic metals, strongly anisotropic metals such as bismuth and discard results which differ by a factor of more than 2 when measured by two different experimenters, there is very little experimental evidence left. Further, there are no data at all for those metals in which the parameters for the separate sand d-bands can be estimated from other phenomena, so th at it is only possible at present to attem pt to verify the theory as regards orders of magnitude, and even then only by applying the principles laid down in § 1*2 supra and in I, p. 448 for interpreting the parameters.
The position is even worse for the temperature variation of the transverse effects than for the orders of magnitude of the effects a t room temperatures since, except for the Hall effect, there are a t present no data at all for any metals at low tem peratures. On the other hand, a t ordinary temperatures (where some measurements exist) the results of the present theory are in all essential respects identical with those of the old treatments, and new effects are to be expected at low temperatures only (see § 5). Further, a t room temperatures and for normal metals the effect of the magnitude of H on the coefficients is negligible, whereas a t sufficiently low tem peratures the fields th at are obtainable in practice are adequate to observe the effects (discussed in § 6) which occur when the magnetic field is very strong. For a verification of the new predictions of the present theory as regards the temperature and field variation of the coefficients experiments at low temperatures are therefore essential, and further discussion must be postponed until such experimental evidence has become available.
. G e n e r a l f o r m u l a e
In the two-band model, which has been described in I, there are two overlapping partially filled bands of normal form, the s-and d-bands. The general expressions obtained on the basis of this model for the electrical and thermal currents in an arbitrary transverse magnetic field have been given in I (equations (13) to (16)), and it has been shown there that these equations can be used to express all the physical quantities of interest in terms of certain coefficients i{n) which depend on the magnetic field and on the s-and d-electron variables. Only the expressions for the electrical and thermal conductivities <r and k were deduced in I, and it is now necessary to calculate the corresponding expressions for the thermoelectric power and the transverse effects.
When a temperature gradient dT/dx is maintained along a strip of metal but no electric current is allowed to flow, a longitudinal electric field S' x is set up, and if this is written in the form 0/n -ebeing the electronic charge and £ the Fermi energy level, then -<3/e is known as the absolute thermoelectric power per degree. I t will be assumed, as in the case of the thermal conductivity, th a t (3 is measured under adiabatic conditions, the thermal conditions in the ?/-direction being such th a t wy = 0. Using this condition in addition to Jx = Jy = 0, it is found by means of I, equations (13) to (18), The coefficients of the transverse effects are calculated similarly. In the case of the Hall effect, Jx 4= 0, while = 0 and the specimen is kept a t uniform temperature, so th a t dT/dx = dTfdy = 0. I t is then found th at
For the Ettingshausen effect }= 0, while Jy = dT/dx = u 0, and
e H { ( r . + r d r + ( w , -w ■
The experimental conditions assumed here are never strictly fulfilled in practice, since the condition wy = 0 is a t best only approximately valid, but the experimental values are usually corrected for any heat lost to the surroundings (compare Meissner I935, P-365). A further correction is necessary if there is any temperature difference between the ends of the specimen. The Ettingshausen-Nernst effect is measured with dT/dx^O , while Jx -Jy = 0 and wy = 0 (adiabatic conditions). Denoting the adiabatic coefficient by B%N, it is found th at
The experimental values must, however, differ from this quantity, since they are obtained without allowing for the thermoelectric field which is always present in the leads used to measure the transverse potential difference. A general discussion of this question has been given by Kohler (19416) who has shown that, if certain reasonable assumptions are made, the apparent value of the adiabatic coefficient turns out to be identical with the isothermal coefficient. This result is readily shown to follow also from the present equations, which are merely particular cases of Kohler's; the proof follows exactly the same lines as his and the details are left to the reader. I t will accordingly be assumed th at the value of the EttingshausenNernst coefficient which is actually measured is obtained by using the condition 3 Tjdy = 0 instead of wy = 0. Denoting this value by B^N, it is found th at
Ri k*T(Qs+ Qd) (Vs+Vd) -(P8-P d) (Ws-W d) E N~ e H (V 8+Vd)* + (W8-W d)* ' (b)
Finally, for the Righi-Leduc effect dT/dx^O , while Jx -0, wy = 0, and
The measured values have again to be corrected for any heat which is lost to the surroundings.
Special solutions
The quantities V, W, etc. which appear in equations (1) to (7) can be evaluated explicitly in the three limiting cases of high temperature and arbitrary magnetic field, low temperature and arbitrary magnetic field, and high magnetic field and arbitrary temperature. The method of calculation has been described in I and the resulting expressions for V, W, X , Y have been given there (equ (42) to (48)), and it is now only necessary to supplement these results by giving the corresponding expressions for P and Q. The calcula before, and only the results will be quoted here. For the details of the method and for the notation the reader is referred to I, § 3.
3-1. High temperatures.
where V and W are given by I, equation (27) .
B -I m . m i 4* 1 . Single-band model. At high temperatures a time of relaxation exists, and the thermoelectric power in a magnetic field of arbitrary magnitude can readily be calculated by means of equation (1) together with (8) and I (27), (28). The resulting expression is complicated, and owing to its restricted validity it will not be considered further here. I t is of greater interest to consider the possibility of setting up an interpolation formula, analogous to the expressions obtained in I, which can be used for all temperatures and magnetic fields. By analogy with the procedure in I, § § 4 and 6, such a formula would be expected to depend in some way on an inter polation formula for the thermoelectric power of a metal containing a single band, corresponding to I, equations (54) and (73) for the electrical and thermal conduc tivities. No such formula has so far been given, and it is therefore necessary to begin by supplying it here. The formula is obtained by writing down the exact expressions for © in the three limiting cases where the solution is known, and guessing a generalized expression which reduces to the correct form in these limiting cases.
At high temperatures it is found, using (1), (suppressing all terms referring to the d-band and omitting the suffix s), together with (8), I (27), (28) and the expression (Wilson 1936, pp. 208, 223*) 
for the time of relaxation, th a t
8&3A/?£2 0
At low temperatures the corresponding expression is _ 7 t2J c2T I (2 3£ 1 + 4ft3A/?£ which is a remarkable result since it shows an explicit dependence of © on the mag netic field, due to the non-existence of a time of relaxation a t low temperatures. This question is considered further below.
For an infinitely large magnetic field, finally,
Now consider the expression 3(2m)« , 7t2Jc2T
W ilson's n otation differs considerably from th e one used here.
where n = (2m£)*/(37r2ft3) is the number of electrons per unit volume, and where
is the usual interpolation formula for the electrical resistivity of a metal containing a single band. It is seen at once th at (16) reduces to (15) when H is infinite. At low temperatures all terms involving and ^ may be treated as small, and (14) is then obtained as the first approximation. At high temperatures, finally,
and (13) is obtained on neglecting terms of order (0 /T )2 compared with the leading term. Thus equation (16) may be adopted as the interpolation formula for the thermoelectric power of a metal containing a single band.
The corresponding formula for the adiabatic Ettingshausen-Nernst coefficient will also be required. I t can be established by similar methods, and it is found th at
While the interpolation formulae for cr and k when 0 are identical with the exact expressions for H = oo (Kohler 1940 (Kohler , 1941c , equation (16) sho no longer true for ©. I t is, however, known from Kohler's results for 00 and Dube's results for H -0 (Dube 1938) th at the free electron model d finite magneto-resistance effects if the calculations are pushed to a higher degree of approximation than is considered in the present work. In the case of the thermo electric power a corresponding effect shows up in the first approximation, and has therefore to be included in the interpolation formula for ©. However, the magnetic change predicted by (16) is small and is not in accordance with the experimental facts, and is of little importance compared with the effects to be discussed below in con nexion with the two-band model. 4*11. Interpolation formulae for P and Q. The sim corresponding generalized expressions for the two-band model is to set up the interpolation formulae for P and Q .To do this it is only nece in such a way th at equations (1) and (5) lead to (16) and (18), considering a single band and using the interpolation formulae I, (55), (56), (71), (72) for These conditions are sufficient to determine P and Q. They lead to two linear equa tions expressing < & and B%N in terms of P and Q, which, when solved, give
where L" = J ( # ) 2» © is given by (16), by (17), B%N by (18), and
As a check it can be verified by means of elementary calculations, which will not be reproduced here, th a t (19) and (20) reduce to (8) a t high temperatures, to (9) and (10) a t low temperatures and to (11) for very large magnetic fields. A complete set of interpolation formulae for is now available, and can be used in conjunction with equations (1) to (7) to derive generalized expressions for all the galvano-and thermomagnetic effects. (23) 4-21. Equations (22) and (23) make it possible to work out the variation of the thermoelectric power with the magnetic field and the temperature in any particular case. To get a general idea of the results, various assumptions are introduced which help to simplify (22) considerably. In the first place, the variation with H of <B8, B en, s and B%Nd is neglected, since it is unimportant compared with the effect d to the two-band model, and these quantities are therefore replaced by their values for H = 0. I t is also assumed th a t cr0s = crod = |<r0, k 0s = Kod = £/c0, B%Nf0s = B%N>M, and <Bog --©od/A. There are two cases to consider according as ns is or is not equal to nd, but, since there does not appear to be any essential difference between the two cases, the discussion will here be confined to the simpler case where na -nd = \n . In this case ©0 = |(1 -A)@0s, and 3 H* ifi& nkPT*0*0
This may be written in the form
where L n = $(nk/e)2 and L 0 = kJ<tq T, as in I, § 6*2.
Thus, if <30 is positive, (5 decreases steadily as H increases, changes sign for a certain value of H, and in very strong fields it approaches the saturation value (26) which is, in general, greater than <30 in absolute value* (Makinson 1938). If @0 is negative, however, <S increases as H increases and eventually becomes positive.
The change in the thermoelectric power is -A<S/e, where
At very low temperatures L 0 = L n, p0 = pr (the residual resistance) and @0 is pro portional to T. Hence A© = 0*when T = 0, and for small values of T it is proportional to T. At high temperatures L 0 -L n, and @0 and p0 are both proportional to T, so th a t A© tends to zero like T-1 as T tends to infinity. In fact, with th a t are obtainable in practice, necp0p H a t room tempe so th a t A©<^©0 according to (27) , which means th a t the change in thermoelectric power will, in general, be too small to be detected a t room temperature.
Thus A© is very small a t very low and high temperatures, ,and must therefore pass through a maximum (in absolute value) a t some intermediate value of T. For a more detailed discussion it is sufficient to make the further assumptions th a t L 0 = L n and th a t ©0 is proportional to T for all temperatures.* Equation (27) then leads to the following condition for the maximum of | A© | :
Oalvanomagnetic and thermomagnetic effects in metals
Now p0 can never be less than pr; hence, when 0, (28) is satisfied for th a t tern-
perature for which -= 1, th a t is, for which p0 is proportional to over a P o d l small temperature range. This temperature lies in the region where the residual and ideal resistances are of the same order of magnitude (for very pure metals this means temperatures of the order of 10° K). As
Hi ncreases, this approximately until H is of the order of necpr; as H increases further, the condition for the maximum is th a t H and necp0 must be of the same order of magnitudê since ^ ( l -1 is always of order u n ity j, and hence the temperature of the maximum increases with H.
The qualitative behaviour of | A© | as-a function of temperature is therefore as follows. | A© | is very small a t sufficiently high temperatures, rises to a maximum as the temperature decreases and then tends to zero as T approaches zero (linearly for sufficiently small T). For small values of the magnetic field, the maximum occurs at a temperature of the order of 10° K. As H increases, | A© | increases, but the temperature a t which the maximum occurs remains approximately constant until H is of the order of necpr; for larger values of H, the temperature of the maxi mum increases with H (linearly for sufficiently large H).
4-
3. Beryllium appears to be the only metal (apart from the metals of the abnormal bismuth group) for which there are any experimental results (Griineisen & Erfling 1939) . The change in thermoelectric power is too small to be detected a t tem peratures above about 150° K; as lower temperatures it rises to a maximum and then decreases towards zero as T tends to zero. The position of the maximum moves towards higher temperatures as the magnetic field increases. These results are.in qualitative agreement with the predictions of the two-band model, but it must still be verified th a t there is also order-of-magnitude quantitative agreement. For one of the specimens investigated, the maximum was found to occur a t 60° K in a field of 12,200 gauss. At this temperature the resistivity of the specimen is about 3 x 10-20 gaussian units, and (28) therefore indicates th at n is of the order of 3 x 1022, which agrees in order of magnitude with the value derived from the magneto-resistance effects in I, § 6-2. The maximum change in the thermoelectric power is observed to be of the same order of magnitude as the thermoelectric power in the absence of a magnetic field, which agrees with (27) and (28).
T h e t r a n s v e r s e e f f e c t s i n z e r o m a g n e t ic f i e l d
5* 1. Single-band model with a time of relaxation. When a time of relaxation exists, the coefficients of the transverse effects are readily calculated by means of equations (3) to (7) together with (8) and I, (27), (28). For the present only the case of a vanishingly small magnetic field will be considered, the question of the influence of H being left until § 6. The formulae for the simplest model of perfectly free electrons are obtained by suppressing all terms referring to the d-band in equations (3) to (7); omitting also the suffix s, it is found th at
T dr E ncr'bff (32) r being regarded as an arbitrary function of £. Analogous formulae hold for a metal containing a single d-band, except th at e has to be replaced by -e, so th a t A H and Brl are positive instead of negative. Combining (29) and (30) and using the expression (Wilson 1936, p 
. 161) cr = ------33
m for the electrical conductivity, it is found th a t
Brl -
and, combining (34) and (35) and introducing = Brl/k, it is found th at
A r A^x _ 7r2 /&\2
A r A r l3 \e /
* It will be recalled that B'XN is taken to represent the measured value of the Ettingshausen-N em st coefficient (see § 2).

A i E N (34) (35) (36)
The relations (34), (35) and (36) have been known for a long time (Bridgman 1924), and Meissner (1935, p. 383 ) has shown th a t there is order-of-magnitude agreement with the experimental values for room temperature. The experimental evidence is considered further in § 7-2.
Equations (29) to (32) have been discussed by Sommerfeld & Frank (1931) in the special case where the free path is independent of £ (and therefore r is proportional to £_i); the generalization for the case where r is an arbitrary function of £ is due to Kohler (1941a) . The Sommerfeld & Frank case is realized a t extremely low tem peratures, where the effect of the impurities is dominant; a t high temperatures, however, r is proportional to £* (Wilson 1936, pp. 208, 223 ; compare also equation (12) of the present paper). The formulae for the two limiting cases of very low and very high temperatures are thus obtained from (29) to (32) by replacing 9£ by -£r/£ and f t/£ respectively. They are special cases of the generalized formulae given in § 5*2 and need not, therefore, be discussed separately.
5-2. Single-band model: arbitrary t e m p e r a t u
. At intermedia is not legitimate to assume th a t a time of relaxation exists, and equations (29) to (32) cannot be used. By means of the interpolation formulae I, (55), (56), (71), (72) for V, W,X, Y and (19), (20) of the present paper for P, Q it is possible, however, to calculate the generalized expressions which are approximately valid over the whole temperature range. The equations which replace (29) to (32) are found to be 
where k 0 is given by (21), and B%No and @0 are obtained by putting 0 in (18) and (16), th a t is,
42)
I t is now possible to discuss the predictions of the free electron model for the temperature variation of the coefficients over the whole temperature range.
Equation (37) shows th at the well-known formula for the Hall coefficient is of general validity as an interpolation formula (as was to be expected since it does not 'Vol. 193. A.
involve the time of relaxation). A H should therefore be independent of T for all temperatures, which is roughly in accord with the experimental results for many normal metals (but see § § 5*3 and 7*3 infra).
The temperature variation of k0 has been discussed by Makinson (1938) . tc0 is independent of T a t high temperatures, rises to a maximum at very low temperatures and then tends to zero as T approaches zero (linearly for sufficiently small T). Hence, according to (38), BRL is proportional to T~x a t high temperatures, but increases more rapidly than T*1 a t low temperatures; finally, when the effect of the impurities is dominant, BRL tends to a constant value -(wecpr)-1, where pr is the residual resistance. The alternative coefficient = B r l /k0 is proportional to T~x for all T.
Comparison of equations (21) and (41) shows th a t the expressions for -3k0/(2t& c£) and B % N 0 are very similar, the only difference arising from the term in which is negligible except for temperatures close to the Debye temperature. For a quali tative discussion it will be sufficient to put 0 = -3x0/(2wc£).* Further, (42) shows th a t it is possible to write <30 = xn2k2TI£, where x decreases steadily from the value 1 at high temperatures to the value | a t very low temperatures.
Equations (39) and (40) now reduce to
At high temperatures x = 1 and /c0 is independent of T, so th at B E independent of T, while A E is positive and proportional to T ' . As T decreases, B EN and A e both decrease and become zero a t th a t temperature for which = £. At extremely low temperatures x = § and k0 is prop decreases below the value B EN and A E become negative, pass through a minimum and finally tend to zero as T approaches zero (linearly for sufficiently small T). The minimum occurs in the temperature region where the residual and ideal resis tivities are of the same order of magnitude.
The experimental results for the temperature variation of the coefficients are very meagre and always refer to high temperatures (except for the Hall coefficient); they are considered further in § 7*4. Measurements a t low temperatures are essential for a complete experimental test of the behaviour predicted by the free electron model. I t is easily seen from equations (37) to (40) th a t the relations (35) and (36) among the coefficients remain valid for all temperatures, but th at (34) must, in the general case, be replaced by
where <r0 is given by (17). At sufficiently high temperatures L 0 = L n, but for normal metals L J L n may be considerably less than unity over an extended temperature, range (compare Makinson 1938, figure 3. Note th a t his notation differs slightly from ours). The experimental evidence relating to equation (45) is discussed in § 7*2.
5-3. Two-band model. I t is now of interest to investigate to what extent the results obtained above for a metal containing a single band are modified in the more general case of two overlapping bands. I t will be found that, although the single band model gives the right order of magnitude for the transverse effects, its more detailed predictions regarding the temperature variation and inter-relation of the coefficients (especially as^regards the low temperature behaviour) cannot be expected to hold for real metals except in special cases, and attem pts to explain the experi mental facts on the basis of this model are not, in general, likely to be successful.
Retaining the terms which refer to the d-band in the formal expressions (3) to (7), it is found th a t the equations which replace (37) to (40) 
I 'B (T0s apd ("os | ^~0d\ (49) eMo-te+ov, ndJ k^ + k^ ' the notation being the same as in § 4-2.
These equations show th a t A H and BRL are negative or positive according as the conduction is predominantly due to the 5-band or the d-band. B l EN and A E are, however, always positive at high temperatures, the s-and d-bands giving contribu tions of the same sign. This is due to the fact that, while A H and BRL are odd functions of the electronic charge e, B EN and A E are even functions of e, so th at conduction by 'positive holes' does not lead to anomalous effects in the latter case. There are, however, many metals, including the monovalent metals Cu, Ag, Au, which have negative Ettingshausen and Ettingshausen-Nernst coefficients a t high tempera tures. This is clearly a more complicated effect than the occurrence of the positive Hall and Righi-Leduc coefficients, and some more general model than those so far considered would be necessary for its elucidation. The type of model required is indicated by equations (31) and (32), which show th at BEN and A E are proportional to the energy derivative of the time of relaxation, and are therefore negative provided that r is a decreasing function of the energy at the surface of the Fermi distribution.* No model which has this property at high temperatures has so far been proposed; in addition to giving negative values for B EN and A E, it would presumably explain the positive thermoelectric powers of Cu, Ag and Au.
5-31. The temperature variation of the coefficients predicted by equations (46) to (49) is, in general, more complicated than that predicted by the single-band model.
Writing orQs = p<r0, crod = ( l -p)cr0, the expression (46) 
for becomes
A h
From (50) it follows th at dp e c \n s
hence A H is smaller (algebraically), the larger the value of p, i.e. the larger the pro portion of the total electric current which is carried by the 5-band. Temperature variations of A H can be accounted for by allowing p to vary with the temperature, and such an argument has been used by Jones (1936) in his discussion of the Hall effect in bismuth. However, if one accepts equation (17) for the electrical conduc tivity, any temperature variation of p is unlikely to be very marked and should in any case set in only a t very low temperatures where the residual and ideal resistivities are of the same order of magnitude. The present model might therefore be used, a t best, to explain a change in A H by a factor of (say) 2 a t very Jones's argument requires a larger variation of than seems reasonable according to the present considerations, and some other mechanism appears to be necessary to account for his assumptions.
The Hall coefficients of many normal metals increase in absolute value as the temperature is lowered, but become constant a t extremely low temperatures. The experimental data are considered in detail in § 7-3. Similar considerations as to A H apply to BRL, but here the tem ence predicted by the free electron model (equation (38)) is probably more important than any effects due to the two-band model, and no significant new effects are to be expected. Equation (38) is therefore probably of wider validity than its derivation would suggest, and may be regarded as an approximation formula for the tem perature variation of the Righi-Leduc coefficient of all metals. The detailed behaviour of Brl as a function of temperature is obtained from (38) and Makinson's (1938) discussion of the thermal conductivity; it has been considered qualitatively in § 5*2. Measurements on a variety of metals a t low temperatures would be required to verify the general validity of equation (38). For a qualitative discussion of B EN and A E, it is sufficient to put er0a = crod = |<r0, *03 = *0d = n s B E N , Os = n d B E N ,0d = -3a t 0/(4 c £ ) , and ©0s = where 1 (compare §5-2). Writing also L n = L 0 = K0/cr0T, equations (48) and (49) Apart from the fact th a t -is replaced by -(-I -), equations (51) and (52) differ from the corresponding equations (43) and (44) for free electrons in having the additional term x L J L 0. The temperature variation of L 0 has been discussed by Makinson (1938; see also I, § 6-2). For normal metals L 0 is equal to L n a t both high and very low temperatures but may be considerably less a t intermediate tempera tures. For metals such as bismuth, however, which have an abnormally small number of free electrons, L 0 is in general greater than L n a t intermediate tem peratures. At high temperatures, therefore, the sign and temperature variation of B en and A E are the same as for free electrons, only the magnitude of the coefficients being different. The behaviour is, however, entirely different a t low temperatures, where the free electron model predicts th at B EN and A E change sign. Equations (51) and (52) show th at B EN and A E are only negative when the condition (53) is satisfied. Now | ^ x^ 1, so th a t -| -1 ^ hence BEN and A E are at high and also at very low temperatures, where L 0 = L n. Also (53) can never hold if L 0^L n, and therefore B EN and A E are always positive in this case. If L 0 ^ however, it is possible th at B EN and A E may become negative in some intermediate temperature range. The detailed behaviour is, in general, complicated, but it can be worked out from (51) and (52) for any particular case. Finally, equations (46) to (49) show th at the simple relations (36) and (45) derived for free electrons are only valid for the two-band model in the special case where it is legitimate to assume th at a time of relaxation exists (and where (45)reduces to (34)). Thus the theoretical predictions for free electrons appear to be generally valid at high temperatures, but cannot hold for multivalent metals a t low temperatures except (at best) as order-of-magnitude relations. On the other hand, comparison of (48) and (49) shows th at the relation (35) between the Ettingshausen-Nernst and the Ettingshausen coefficient continues to be valid for the two-band model at all temperatures, and is thus of a more general type than (36) and (45).
These results of the electron theory concerning the relations among the coefficients are in accordance with the thermodynamic arguments given by Meissner (1935, p. 316) . The three relations (34), (35) and (36) are derived there, but the argument leading to (34) and (36) involves certain assumptions which are equivalent to assuming the validity of the Wiedemann-Franz law. Now this law is known to b© a consequence of the existence of a time of relaxation (Wilson 1936, p. 175; I, p. 451) , and thus Meissner's derivation can only be valid for high temperatures. The deriva tion of (35), however, appears to involve purely thermodynamic arguments only, and this relation should therefore be a general property of all models a t all tem peratures. There are unfortunately no experimental results with which to check the validity of (35) at low temperatures; for the room temperature data regarding the relations among the coefficients, see § 7*2.
. T h e f i e l d v a r ia t io n o f t h e t r a n s v e r s e e f f e c t s
6*1. The free electron model leads to values for the coefficients of the transverse effects which are independent of H for all values of H (at most, there is a negligible effect of the type (18)).* This is because the field variation of the transverse effects, like the magneto-resistance effect, depends essentially upon an average of the departure of the energy surfaces from being a singly-connected set of spheres, and the two-band model is therefore the simplest model which can be expected to give results of the correct order of magnitude. The generalizations of equations (46) to (49) * This is actually true only for effects measured under adiabatic conditions. The isothermal effects for free electrons in general depend explicitly on H even when a time of relaxation exists (Kohler 1941a ). Thus, for example, formula (56) for B*Ey does not become independent of H on putting n, = 0 or n d = 0. Even here, however, the major pa due to the departure of the energy surfaces from being a singly-connected set of spheres, and the predictions of the free electron model cannot be in agreement with experiment. (57) 6*2. Equation (54) is the generalization of the corresponding expression involving the times of relaxation which is only valid a t high temperatures, and which has been used by Jones (1936) to discuss the Hall effect in bismuth.* The two cases ns = nd and ns 4= nd will be considered separately.
•
Case (i). n3 = nd = \n
In this case equation (54) 
Case ( ii). ns* n d
Writing, for simplicity, = crod = |<r0, (54) becomes 
This equation shows that, as H increases, the absolute value of A H decreases a t first (the change being initially proportional to H 2), and reaches the value zero when H = 2{nsnd)^ ecp0. As H increases further, A H changes sign and increases steadily in absolute value, and for very large fields it approaches the limiting value ( 4). jy-oo ec{n8-n dy (60) which is independent of the electrical conductivity.
The most extensive experimental work on the field dependence of has been carried out on bismuth and its alloys, which show very marked effects even a t room temperature, and which can be discussed by the formal theory (for anisotropic metals) already given by Jones. The sign reversal predicted by equation (59) has been observed in bismuth-lead alloys for a certain range of compositions (Thomas & Evans 1933; see also Jones 1936, p. 663) .
The data for the norrhal metals, which are very scant and unsatisfactory, are discussed in § 7-3. 6*3. For the Righi-Leduc effect there are again two cases to consider, according as na is or is not equal to nd. / n s n d
Case (i). n8 = nd = \n
An2k2cT n8nd j + 1 1 f 3 He> \jr2k2cTj i' (
The behaviour is therefore similar to th at of A H. As H increases, BRL decreases at first in absolute value, changes sign when H = k2cT/(3eK0), then increases in absolute value and eventually tends to the limiting value 
(65) 2wc£ L q ' I t is readily shown th at dBEN/dH < 0 according as > Hence, a t high temperatures, as H increases from zero to infinity, BEN decreases steadily from the value (51) to the value (65); at sufficiently low temperatures, however, BEN increases as H increases.
Case(ii). ns^n d
In this case the behaviour of B EN is complex, but for large values of H
there being no saturation. 6*5. To discuss A E, the same approximations as in § 6*4 are sufficient.
so th a t A E increases steadily with H, the increase being proportional to for all values of H.
Case (ii). n8* n d
In this case A E saturates for large H, the saturation value being
I t is not a t present possible to compare the theoretical results of § § 6-3 to 6*5 with observation, owing to the lack of sufficient experimental data. Experiments at low temperatures on metals whose electrical resistance does and does not saturate in strong fields are desirable to determine to what extent the behaviour of real metals is in agreement with the predictions of the two-band model. 7. S u r v e y o f t h e e x p e r i m e n t a l r e s u l t s 7* 1. I t has already been pointed out in § 4-3 th at the only reliable measurements on the change of the thermoelectric power are for beryllium. These show th at the effect predicted by the single-band model is much too small, but th at the results given by the two-band model are correct as regards order of magnitude.
The data on the transverse effects have been referred to in passing in the preceding sections. In the present section the results available are collected together in order to see what conclusions can be drawn from them. The data have been obtained (unless otherwise mentioned) from the survey articles by Borelius (1935) and Meissner (I935) , where references to the original experimental papers will be found. Ferro magnetic metals have been excluded from the discussion. 7*2. The relations among the coefficients. As was remarked in §5*3, the relation (35) is a consequence of pure thermodynamics and should therefore be of general validity. Table 1 contains values of the ratio A EjA ENT derived from the two sources mentioned above. All the values shown refer to ordinary temperatures; there are as yet no data at all for low temperatures. According to (35), the quantity shown in table 1 should have the value unity for all metals. I t is evident from the discrepancies between the two values obtained for one and the same metal that, while there is order-of-magnitude agreement with the theoretical value, the experimental accuracy is quite insufficient to allow any quantitative conclusions to be drawn regarding the extent and significance of the deviations from (35). (The discrepancies are probably to some extent due to the fact that, since the directly measured EttingshausenNernst coefficient is B EN and not A EN, a knowledge of the thermal is required for compiling table 1, and k has not, in general, been measured on the same specimen as was used for measuring the transverse effects.) Thus a detailed experimental confirmation of (35) will have to wait until the experimental accuracy has been improved (and the measurements have been extended to cover the whole temperature range). Table 2 shows some values of the ratios BRLIAHcr0 and L J L n for room tempera ture. These ratios should be equal according to equation (45), while at sufficiently high temperatures (45) should reduce to the old relation (34). The discrepancies between the two values of BRL/AH(r0 obtained for any one metal are to be contrasted with the good agreement in the case of L J L n and show clearly th a t the experimental data on the transverse effects must be treated with grave suspicion. The experimental accuracy is obviously insufficient to distinguish between (34) and (45) a t room temperature or to verify or reject either; and to detect any difference between (34) and (45) one would have to go to temperatures where L J L n is very different from unity. I t must be remembered, however, th a t (45) is no longer valid for the two-band model a t low temperatures, so th a t quantitative agreement may be expected, a t best, for the monovalent metals only.
Equation (36), which requires the ratio to be unity, is valid a t all temperatures for free electrons, but only a t high temperatures for the two-band model. The experimental data for room temperature are shown in table 3, and it is again clear th a t only order-of-magnitude verification is possible. ■^H-^ENli^E^-RL^n) from The present position as regards the relations among the coefficients may be summed up as follows. The old relations (34) to (36) had previously been derived only for free electrons in the limit of high temperatures. The present theory extends the treatm ent in two ways, first by using a more general model and secondly by con sidering the whole temperature range. At ordinary temperatures the old relations are found to be effectively unaltered, and the value of the present treatm ent lies in increasing our confidence in their general validity for real metals. New results are obtained for low temperatures, equation (34) being replaced by (45) for free electrons, and both (34) and (36) being replaced by more complicated expressions for a metal with two overlapping bands; even a t low temperatures, however, the new results do not differ from the old ones as regards orders of magnitude. The experimental data available a t present all refer to high temperatures and are not sufficiently reliable tu b e compared in detail with the theory, but there is order-of-magnitude agreement for all metals. To verify the low temperature predictions experiments of greatly improved accuracy are necessary, care being taken th at all the effects are measured on the same specimen. 7*3. The Hall effect in normal metals. There are few reliable measurements of the Hall coefficients of normal metals at low temperatures or in strong fields. Table 4 contains some values of A H for various pure metals at different temperatures (but in constant magnetic field). As regards the field variation, the values shown in table 4 are found to be fairly accurately independent of H, even at low temperatures, for fields up to about 10,000 gauss (cadmium is exceptional in showing a somewhat complicated dependence on H which may be due to experimental error). With the possible exception of cadmium, the temperature variation shown in table 4 and the absence of any field variation could be explained by using the expression (58) for the Hall coefficient of the two-band model and assuming th at the relative proportions of the electric current carried by the two bands may vary with the temperature (compare the discussion in §5-3). For palladium, for example, which is a transition element and which is known from magnetic evidence to have 0-5 electrons per atom in the s-band and the same number of vacant levels in the d-band (Wilson 1939, p. 76) , the value of p( the propor is carried by the 5-band) required to account for the observations is 0*69 a t room temperature and 0-88 a t very low temperatures; such values are by no means un reasonable. For the monovalent metals, however, to which the two-band model is least applicable and where the temperature variation of is in any case not very pronounced, it is better to use equation (37) of the free electron model (which requires A h to be always independent of T and H) as an approximation formula, and to ascribe the observed temperature dependence to some as yet unknown mechanism. The results for cadmium (if genuine) also seem difficult to fit in with the predictions of the two-band model.
Galvanomagnetic and thermomagnetic effects in metals
.-----------------------------------' -----------------------------------.
Borelius
There is an almost complete lack of reliable data for liquid helium temperatures, but one interesting result refers to tin, whose Hall coefficient is very small and negative at ordinary temperatures but becomes positive a t extremely low tem peratures. This behaviour is readily interpreted by means of equation (58) if it is supposed th at p is just greater than £ at high temperatures but just less than \ a t low temperatures.
In general it may be said th at the present theory gives, in most cases, qualitatively correct results for the behaviour of A H over the whole range of temperatures and magnetic fields, and gives detailed agreement in some special cases. However, no complete survey will be possible until much additional experimental evidence has become available, particularly for low temperatures. 7*4. The temperature variation of the transverse effects. The remaining coefficients have been measured a t ordinary temperatures only. Table 5 contains the results of measurements by Hall (1925 Hall ( , 1937 on all four effects (the same table has been given by Meixner (1939) ). A t temperatures above the Debye temperature all the quan tities shown in table 5 should be independent of T. This follows from our discussion of the one-and two-band models in § 5, but a general proof for the anisotropic case has been given by Meixner (1939) , and the result may hence be expected to be a general one for all metals. The table shows th a t the observed temperature depend ence agrees with the theoretical predictions within the probable limits of experi mental error, both for the monovalent metals Au and Cu and for the transition element Pd (a curious exception, however, is A E/T for Au). While, at ordinary temperatures, the present theory merely serves to confirm Meixner's general predictions for two special cases, it provides the first theoretical results for the low temperature region. These have been discussed in § 5; they show th a t the temperature variation is, in general, more complicated than a t high tem peratures and th a t there are characteristic differences in the behaviour of the oneand two-band models, especially as regards B EN and A E. (It must be remembered, however, th a t no model has yet been worked out for which B EN and A E are negative at high temperatures, and it is hence dangerous to place too much reliance on the temperature variation predicted by our formulae when considering, e.g., the noble metals). An extension of Hall's measurements to temperatures well below the Debye temperature (and to other mono-and multivalent metals) may be expected to lead to interesting results, but further discussion must be postponed until such measurements have become available.
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